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Computation of Gas–Liquid Droplet Cascade Flows
Using Multigrid Adaptive Unstructured Grid
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and
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Two-dimensionaltransoniccascade � ows ofgas– liquiddropletmixtureare calculatedusing the solution-adaptive
unstructured grid for the steady gas-only phase and the iterative particle-source-in-cell method for the gas–particle
coupling. Roe’s � ux difference splitting method is used to solve the Euler equations, whereas the liquid droplets are
traced by the Lagrangian method using the rebound/breakup impact model. To verify accuracy of the computer
code, the Jet Propulsion Laboratory nozzle is � rst calculated for the gas–solid particle mixture. The transonic � ow
in the NACA 65410 cascade passage is then solved to estimate the effect of liquid droplets on the aerodynamic
performance.

Nomenclature
a = speed of sound
CD = drag coef� cient
C p,g = speci� c heat of the gas at constant pressure
C p, p = speci� c heat of the particle
Dp = particle diameter
hmin = minimum height of a triangular element
L 1 = characteristic length
Mp = particle Mach number,

p
[(u ¡ u p)2 + (v ¡ v p )2]/a

m p = particle mass
Np = particle number density per unit volume
Npa = particle number density per unit volume after impact
Npb = particle number density per unit volume before impact
ÇN p,k = number � ow rate for kth particle

Nu = Nusselt number
Pr = Prandtl number
p = pressure
pb = outlet (background) pressure
q = velocity of the particle
R = gas constant
Re p = particle Reynolds number, q j u ¡ up j Dp / l
T = temperature
u = velocity vector (u, v ) of the gas
up = velocity vector (u p , v p ) of the particle
We = Weber number, q j u ¡ up j 2 Dp / r
Wed = droplet Weber number, q p j qn j 2 Dp / r
c = speci� c heat ratio
D S = entropy change, S ¡ S1
D t p = local particle time step for particle motion
e = internal energy
l = dynamic viscosity coef� cient of the gas
q = density
r = surface tension of the water
} = particle mass loading, Np ¢ m p / q

Subscripts

a = � ow property after the droplet impact
b = � ow property before the droplet impact
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n = in normal direction
p = particle property
t = in tangential direction
1 = freestream property

Superscript

n = time level

Introduction

I N the natural environment, we � nd water in all phases as vapor,
liquid, or ice, which includes snow and hail. An airbreathing

gas turbine engine as an aircraft power plant sometimes ingests
this environmental water. Liquid water entering the engine could
be either precipitation, inlet condensation, droplet suspension, or
arti� cial liquid spray during the ground test. In particular, safety of
aircraft in a heavy rainstorm during cruise or descent has become a
criticalissueamong aerodynamicists.Some researchersinvestigated
the performancedegradationof the aircraft lifting surface due to the
heavy rain.1 A more serious problem is ingestion of an excessive
amount of precipitationthat may cause power loss or even � ameout
of the engine to endanger the aircraft.2

Despite the signi� cantvolumeof researchabout the turbomachin-
ery cascade� ow, the numberof publicationson theparticulatedtwo-
phase � ow is limited. Tabakoff et al.3 calculated one-dimensional
isentropic� ow in the turbine cascade to evaluatedegradationof tur-
bine performanceby the particulated� ow. He found that the change
of pressure distributionon the turbine blade due to interaction with
the solid particles resulted in decreasedperformance.Tsuchiya and
Murthy4 using the stage-stacking method calculated the change of
performance in the multistage axial compressor due to rain drop
ingestion. They found that rain drop ingestion caused a decrease
in the total pressure ratio, adiabatic ef� ciency, and mass � ow rate.
However, theirstudywas concernedwith generalcompressorperfor-
mance rather than elaborating the detailed � ow structure. Murthy2

has recently performed an experimental study on two-phase � ow
in single- and multistage compressors using a range of droplet size
and mass fractions. The results showed that the single-stage com-
pressor suffered from the heavy aerodynamic loss in the blade tip
region,which causedseriousperformancedegradationin the case of
a multistage compressor. Reference 5 offers a list and summary of
published works on the subject until 1995. However, most of these
works are again concerned with prediction of the overall engine
performance rather than an analysis of the detailed turbomachinery
� ow� elds.
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In this paper a numerical method is presented to calculate the
transonic cascade exposed to water-droplet suspension. An adap-
tive unstructured multigrid code using the Euler equations and
the Lagrangian particle-tracking scheme is developed. The itera-
tive particle-source-in-cell (PSIC) method is used to implement the
effect of liquid droplet motion in the gas phase through the source
terms that evolvewith numerical iteration.The two-phase� ow prop-
erties in the cascade passage are elaborated in the Results and Dis-
cussion section.

Numerical Formulation
The Euler equations are written in conservative form,

@U
@t

+
@Fi

@xi

+ jH = S, (i = 1, 2) (1)
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(3)

p = ( c ¡ 1) q e ¡ 1
2 (u2 + v2) (4)

where j =0 for the two-dimensional � ow and j = 1 for the ax-
isymmetric � ow. H is the axisymmetric source vector, and S is the
particle source vector. The equations are nondimensionalizedusing
a characteristic length L 1 and freestream properties q 1 , a 1 , T1 ,
and l 1 .

Roe’s � ux difference splitting method is used to calculate the
numerical � uxes. The primary and dual meshes shown in Fig. 1
are the basic � nite volumes used to compute the � ux terms and the
particle sources at the same time. To achieve second-order accu-
racy in space, the least-square method by Anderson and Bonhaus6

and the � ux limiter by Venkatakrishnan7 are used. Based on the
unstructured triangular mesh initially generated by the advancing-
front technique, the multigrid and adaptivegrids are obtainedby the
element re� nement/unre� nement algorithm.8 In the time direction,
explicit four-stage Runge–Kutta time stepping is applied.

Coupling Between Phases
We assume that there is heat transfer but no phase change or

mass transfer between the two phases. Dilute particle suspension is
assumed9 so that collisionsamong thedropletscanbeneglected.The

Fig. 1 Particle streakline and summationof particle number � ow rate
in a control volume.

Lagrangianparticle motion is described by the ordinarydifferential
equations

du p

dtp
= Dn (u ¡ u p),

dv p

dtp
= Dn (v ¡ v p ) (5)

with

Dn = 3
4 ( q / q p )(CD / Dp ) D V ¢ L 1 (6)

D V = (u ¡ u p )2 + (v ¡ v p )2 (7)

The expressionsfor the particledrag coef� cientCD are summarized
for convenience.5,10

For the solid particles:

CD = CD0 ¡ 2 exp ¡ 3.07
p

c (Mp / Rep )g(Re p)

+ [h(Mp) /
p

c Mp] exp[ ¡ (Rep / 2Mp )] + 2 (8)

with

CD0 =
24/Re p , 0 < Rep < 0.34

0.48 + 28Re ¡ 0.85
p , 0.34 < Re p < 105

h(Mp ) = [5.6/ (Mp + 1)] + 1.7 Tp / T

g(Rep) =
1 + Re p(12.278 + 0.584Re p)

1 + 11.278Re p
, Re p < 103 (9)

For the liquid droplets:

CD =

24/ Re p , Rep < 1 (Stokes law)

(21.64/ Rep ) + 2.36, 1 < Rep < 10

21.942 Re0.718
p + 0.324, Rep > 10

(10)

We allow droplet deformation and disintegration due to the shear
force using the techniquegiven in Ref. 5. From Eq. (5), we advance
the particle velocity by

un + 1
p = un ¡ un ¡ un

p e( ¡ Dn D t p )

un + 1
p = un ¡ un ¡ un

p e( ¡ Dn D t p ) (11)

The new particle position is then

xn + 1
p = xn

p + ( D t p /2) un + 1
p + un

p

yn + 1
p = yn

p + ( D tp /2) vn + 1
p + vn

p (12)

Assuming that there is no phase change, the particle temperature is
obtained by

dTp

dtp
= C n (T ¡ Tp) (13)

T n + 1
p = T n ¡ T n ¡ T n

p e( ¡ C n D t p ) (14)

with

C n =6(Nu/ Pr)( l / q p )(1/ q 1 )(L 1 /a 1 ) 1 D2
p (C p,g / C p, p) (15)

Nussel Number Nu is given as follows.4,11
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Solid particles:

Nu =
Nu0

1 + 3.42[M p / (Re pPr)]Nu0

(16)

with

Nu0 = 2 + 0.459Re0.55
p Pr0.33 (17)

Liquid droplets:

Nu = 2 + 0.6Re0.5
p Pr0.33 (18)

The particlesource vectorS is generatedby the momentumand heat
transfer between the gas and particle phases and is

S =

0

FP X

FPY

Q P + u p FP X + v p FPY

(19)

where

FPX = ( p /8)D2
p q CD(u p ¡ u) D V 1 L2

1

FPY = ( p / 8)D2
p q CD(v p ¡ v) D V 1 L2

1

Q P = p / ( c ¡ 1)(Dp / L 1 )(Nu/ Pr)( l / q 1 a 1 L 1 )(Tp ¡ T ) (20)

The gas–droplet interactionis treated by the PSIC procedure.12 The
steady gas-only phase is � rst computed without the particle source
terms in the Euler equations by the four-stage Runge–Kutta time-
steppingmethod using the local time steps and multigrid procedure.
Based on this Euler solution, the particle streak lines are traced in
the � ow domain. Initially the particle number � ow rate is speci� ed
at the sampling points uniformly distributed on the inlet boundary,
as shown in Fig. 1 for one such a point. A local particle time step
D t p is used that is de� ned by

D tp = min( D t , 0.3hmin / j up j ) (21)

In each � nite volume, the particle source terms are calculatedusing
the particles accumulated.

Given the initial distribution of source terms, coupling between
thegasand theparticlephaseis madeas follows.The Eulerequations
with the sourceterms[Eq. (1)]are solvedto the steadystateby the so-
called inner cycle. This solutionprovidesgas � ow data that are used
in solving the Lagrangianequationsof particlemotion initially.The
particle streaklines are then generated in the � ow domain. With the
particle source terms calculatedby Eq. (22) (to be given), Eq. (1) is
solved again. This process is called an outer cycle. We continue this
iterative procedure until the two-phase coupling is fully converged
within a small tolerance.

In the outer cycle, a particle can stay in a control volume for a
few numberof particle time stepsbefore it crosses the cell boundary.
For example, L1, L2 , and L3 in Fig. 1 represent, respectively, the
distance traveled by a particle during the consecutive particle time
steps in an outer cycle, for example, D tp ,1, D tp,2 , and D tp,3 . In the
time step D tp ,3, the particle changes its host control volume from
i to j . The fraction of time step D tp, 3 consumed by the particle in
the particular control volume i , for example, D t p,0 , is calculatedby
assuming that the particle velocity is locally constant in the small
control volume for a small particle time step. The source vector in
the control volume i is then obtained by

Si =
K

k = 1

J

j = 0

Sk
i, j ¢ ÇN p,k ¢ D tp, j (22)

with

ÇN p ,k = Npu p,k D Lb,k L3
1 (23)

where K is the total number of droplets passing through the control
volume i at a given time and J is the total number of particle time
steps consumed by a droplet before it leaves the control volume i .

Fig. 2 Droplet impact model.

Droplet Breakup and Impact Model
Raindrops are assumed of spherical shape in size varying from

20 l m to several millimeters. The droplets can undergo rapid shape
change to irregular disks and possibly to shear breakup in the inlet
passage of the engine. Unfortunately, it is dif� cult to determine
the actual size and density distributions of the droplets because
they depend on the engine operating conditions as well. The effect
of droplet deformation can be approximated by multiplying 1.0 to
the droplet coef� cient CD in Eq. (10), for We/

p
(Re) p =0, and by

multiplying 1.7, for We/
p

(Re p) =0.79, with linear interpolation
in between. When We/

p
(Re p) > 0.79 and d[We/

p
(Rep )]/ dt > 30,

the originaldropletsbreak into smaller droplets, the size distribution
of which can be determinedusing the approach introducedin Ref. 5.

As shown in Fig. 2, when the droplet impacts the blade, it may
rebound or break up depending on the droplet Weber number. This
phenomenon is the subject of another large research area.13 Here
we employed the rather simple droplet rebound/breakup models
proposed by Park and Watkins,14 which are given next.

For the rebound model where Wed ,b < 80,

qn,a = ¡ (Wed ,a /Wed ,b)0.5qn,b (24)

qt ,a = qt ,b (25)

Dp,a = Dp ,b (26)

For each impactingdroplet,Wed ,b is calculated,and Wed ,a is obtained
by curve � tting the Wachters and Westering data (see Ref. 14).

For the breakup model where Wed ,b > 80, droplets resulted from
the breakup have additional velocity called the � lm propagating
velocity q f , which is given by

q f = 0.835(3.096 ¡ 2 v )qn ,b (27)

with v =1.28. It is assumed that the original droplet breaks into
two representative droplets. The droplet tangential velocity after
breakup is given by

qt ,a = qt ,b § Rx x q f (28)

where Rx x is a random number in (0, 1).
The normal velocity component, diameter, and number density

of the droplets after breakup are obtained, respectively,by

qn ,a = ¡
r Wed ,a

q p Dp,a

0.5

(29)

Dp ,a = Dp,b / m
1
3
break (30)

Npa ,1 = Npa,2 = 0.5 N pbmbreak (31)

with

mbreak = 0.187 Web ¡ 14 (32)
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Fig. 3 Multigrid cycles for the gas-only phase with a grid adaptation
made in a few iterations.

Multigrid Convergence Acceleration
The multigrid convergence acceleration technique is commonly

used on structured grids, but there still are some problems when
applied to the unstructured grids. In particular, it is of much con-
cern to generate successive � ne and coarse grids in a consistent
manner with less complexity. The adaptive unstructured multigrid
technique in this paper is based on the successive mesh re� ne-
ment/unre� nement technique comparable to that of Connel and
Holmes15 and ParthasarathyandKallinderis.16 It is used to obtainthe
gas-phase solution before it is allowed to couple with the droplet
phase iteratively. Brandt’s full-approximation scheme and simple
sawtooth multigrid cycles (shown in Fig. 3) are used.

The multigrid is constructedas follows. The coarsest grid, called
grid of level 4, is � rst generated by the advancing-front technique.
Finer grids of lower levels are next constructed by successive grid
re� nement. At the � nest grid of level 1, when the gas-phase solu-
tion convergesafter some multigrid cycles, the grid is adapted to the
� ow by grid re� nement/unre� nement again. The coarser grids are
generatedfrom this by grid unre� nement. In Figs. 4a–4d, the multi-
grids used in the gas-only phase calculation are sampled. The grid
in Fig. 4d shows the � nest grid of level 1 obtained by grid re� ne-
ment and three consecutive� ow adaptionsafterwards.Convergence
rate of this � ow-adaptive multigrid method is compared with that
of the single grid in Fig. 5, which shows a remarkable convergence
acceleration.

Results and Discussion
Two-Phase Flow in a Jet Propulsion Laboratory Nozzle

Cuffel et al.17 published in 1969 the test data for the gas-only
phase in the Jet Propulsion Laboratory (JPL) nozzle. This nozzle,
originally designed for experimental purpose, has since served as
a benchmark problem for the numerical study of nozzle � ows.18

Chang19 and Ishii and Umeda20 used the Eulerian–Eulerian ap-
proach to calculate the gas–solid particlemixture in the JPL nozzle.
Hwang and Chang21 showed that similar results could be obtained
on the structured grid by the Eulerian–Lagrangian approach.

To verify the present computer code, we � rst reproduce the
gas–solid particle two-phase JPL nozzle � ow studied by Ishii and
Umeda.20 The geometry of the JPL nozzle is given in Fig. 6 and the
computationalgrid in Fig. 7. The material properties of the gas and
the particleused in this studycanbe found in Ref. 20. Figure8 shows
that the present result for the gas-only phase is in good agreement
with the test data. For the two-phase � ow, we chose two particle
sizes, Dp = 2 l m and Dp =6 l m, following Ishii and Umeda for
comparison purposes. The Mach number distributionon the nozzle
axis and wall shows good agreement in Fig. 9. The effect of particle
on the nozzle properties can be viewed in Fig. 10. Flow decelera-
tion by the particles, especially by the smaller sized particles can be
clearly seen. As a convergence criterion, we took the rms value of
the density residual less than 10 ¡ 6 for the inner cycle and 2 £ 10 ¡ 5

for the outer cycle. The numerical results were virtually unchanged
even though the convergencecriteria were further lowered by an or-
der of magnitude.Convergencewas slower with the smaller particle
sizes. The overall computation time decreased when the iteration
number in the inner cycle was near optimal. For instance, for the
case of the particle diameter 6 l m, when 100 time steps were taken
in the inner cycle to solve the Euler equations before its solution

a) Multigrid of level 4

b) Multigrid of level 3

c) Multigrid of level 2

d) Multigrid of level 1

Fig. 4 Unstructured multigrid used for the gas-only phase.

was allowed to interact with the particles, it required 30 iterations
in the outer cycle or total 2948 time steps for convergence of the
two-phase solution. In contrast, when 1,000 iterations were used in
the inner cycle, only 14 iterationswere necessary in the outer cycles
or total 11,489 overall time steps. Figures 11a and 11b show the
convergencehistory in the inner cycle and outer cycle, respectively.
If a small iteration number was taken in the inner cycle, then a large
iteration number would result in the outer cycle, and vice versa. In
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Fig. 5 Comparison of convergence rate between single and multigrid
solution.

Fig. 6 Schematic of the JPL nozzle (coordinate is scaled by throat
radius).

Fig. 7 Computational grid for the JPL nozzle.

Fig. 8 Mach number distribution on the nozzle wall and central axis
(gas-only phase).

Mach number distribution for Dp = 6 µ m

Mach number distribution for Dp = 2 µ m

Fig. 9 Two-phase JPL nozzle � ows (’ = 0.3).

Fig. 10 Comparison of Mach number distributions between single-
and two-phase � ows (’ = 0.3).

the Table in Fig. 11b, which includes two more cases of 10 and
5000 iterations in the inner cycle, one can observe that case B, 100
iterations in the inner cycle, offers the fastest convergence.

Transonic Flows in NACA 65410 Cascade

The presentcascadegeometrywas chosenfroman earlier study.22

The � ow conditionswere taken as follows, which simulate a set of
typicalexperimentalconditions.The bladehasphysicalchordlength
300 mm, stagger angle 45 deg, and inlet � ow angle 53 deg. It has
resultant inlet Mach number 0.981 for the gas-onlyphase, inlet total
pressure1 atm, and inlet total temperature290 K. For computational
accuracy, the steady nonre� ecting boundary conditions by Giles23

are employed.We imposed the zero normal � ux and normal velocity
conditionon the impermeableboundaryand theperiodic� ow condi-
tion on the � ctitious boundary between the blades. Figure 12 shows
the computationaldomain and the nondimensionalcoordinatesused
in the discussion to follow.

In this paper we considerliquid dropletsof size 20 l m, following
the practice of Tsuchiya and Murthy.4 We assume 5% water mass
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a) Inner cycle

b) Outer cycle

Fig. 11 Two-phase � ow, ’ = 0.3, Dp = 6 µ m, convergence history.

Fig. 12 Dimensionless coordinates of the boundary on computational
domain.

concentration in accordance with U.S. MIL-SPEC. In the present
problem,thereappearednodropletdisintegrationby the shockwave,
as was veri� ed by the formula given in Ref. 5. Contours of the
steady-state Mach number and pressure are compared in Figs. 13a
and 13b for the single-and two-phase � ows, respectively.The liquid
droplets cause the passage shock to move downstream,whereas the
bow shock in front of the cascade retreats as the shock is weakened.
The thermodynamic losses caused by the momentum transfer and
heat transfer between the two phases cause the entropy increase
in the cascade. In Fig. 14a, the average inlet Mach number of the
two-phase� ow, 0.955,is observedto be lower than thatof the single-
phase � ow, 0.981,when the outlet static pressure is � xed identically
in the two � ows. On the outlet boundary, the exit Mach number is
increased relatively more on the suction side than on the pressure
side in comparison with the single phase. On the outlet boundary,

a) Mach number contours ( D M = 0.1)

b) Pressure contours ( D p = 0.05)

Fig. 13 Single- and two-phase � ows in the cascade (’ = 0.05, Dp =
20 µm, pb = 1.0): ——, two phase, and - - - -, single phase.

the total pressure of the two-phase � ow is higher than that of the
single phase as observed in Fig. 14b.

In the single phase, the total temperature remains constant
throughout the cascade passage because the present cascade is sta-
tionary without any shaft work input. In the particulated � ow, how-
ever, the total temperatureof the gas should vary in the � ow� eld due
to the momentum transfer and heat transfer between the two phases.
The temperature and velocity of the gas phase are higher than that
of the single phase on both sides of the shock. As a consequence,
the two-phase � ow has higher total temperatureon the outlet bound-
ary, as one can see from Fig. 14c. For this reason, as in Fig. 14d,
the entropy increment on the outlet boundary is higher in the two-
phase � ow even though the outlet total pressure is increased. It is
well known that water ingestion moves the engine operating line
upward,5 which corresponds to reducing the inlet mass � ow rate or
the inlet Mach number. Present results are in accordance with this
phenomenon.

In Figs. 15a and 15b, pressure and Mach number distributions
on the surface of the two-phase cascade are given, respectively.
The shock waves are moved toward the trailing edge despite the
reduced inlet Mach number, as compared to the single-phase � ow.
The intensity of the shock on the suction side is weakened,whereas
the shock on the pressure side is moved aft quite a bit.

In Figs. 16a and 16b, the Mach number contours for the two-
and single-phase � ows are displayed, respectively.About the same
average inlet Mach number conditions are used a posteriori: 0.955
for the two-phase � ow and 0.961 for the gas-only phase. Note that,
in the gas-onlyphase, the shock on the pressure surface disappeared
and the shockon the suctionsurfacewas movedupstream.The shock
impinging on the pressure surface was so weak that it disappeared
when the inlet Mach number was further reduced. The bow shock
wave in the front is moved upstream as its strength is weakened in
the two-phase � ow.

Droplets change the aerodynamicproperties of the blade consid-
erably. With the same inlet Mach number or mass � ow rate in the
single- and two-phase � ows, the static pressure and Mach number
distributions on the blade surface are signi� cantly altered, as one
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a) Mach number

b) Total pressure

c) Total temperature

d) Entropy increment

Fig. 14 Droplet effect on the inlet and outlet boundaries.

a) Surface pressure

b) Surface Mach number

Fig. 15 Droplet effect on the blade properties (with pb = 1.0).

a)Two-phase � ow: Min = 0.955,adaptation level 3,’ = 0.05,Dp = 20 µ m,
Pb = 1.0

b) Gas-only phase � ow: Min = 0.961, adaptation level 3, Pb = 1.03

Fig. 16 Droplet effect on the Mach number contours ( D M = 0.1).
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a) Surface pressure: Min ¼ 0.96

b) Surface Mach number: Min ¼ 0.96

Fig. 17 Droplet effect on the blade properties (with � xed inlet Mach
number).

Surface pressure

Surface Mach number

Fig. 18 Effect of droplet impact model on the blade properties.

can see from Figs. 17a and 17b. In this case, structural concern also
arises. Change in the strength and position of the shock makes the
cascadeoperate in the off-designcondition.The possibilityof blade
resonanceand material failure could emerge because the droplet ef-
fect studied so far can alter the structural load and overall vibration
characteristics.

Finally, to see the effect of droplet impact on the blade, we calcu-
lated the passage � ow dropping the droplet impact model. Overall,
the � ow� eld appeared very similar to the earlier ones. As shown
in Fig. 18, the surface pressure in the two cases remains about the
same, whereas the overall surface velocity (or Mach number) is
somewhat retarded when there is droplet impact. The average inlet
Mach number also turned out about the same: 0.957 without the im-
pact model and 0.955 with the impact model. This minor difference
was also pointed out by Farrel and Vittal.24

Conclusions
The Lagrangian particle tracking method is implemented to the

unstructuredadaptivemultigridEuler solver to treat numerically the
particle source terms iteratively interactingwith the gas-phase� ow.
It is shown quantitativelythat ingestionof the liquid dropletsby the
engine inlet can severely alter the aerodynamic characteristics of
the cascade. Shock waves are weakened, as well as delayed, due to
the relaxation effect of the droplets, whereas entropy is increased
by the thermodynamiclosses caused by the momentum transferand
heat transfer between the two phases. As a result, the inlet Mach
number is decreased and the outlet Mach number is increased for
a � xed outlet static pressure. Consequent pressure redistributionon
the cascade blade surface is responsiblefor the overall performance
degradation of the cascade.
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